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Abstract 
We discuss the speed of gravitational waves in a brane world scenario and show that if the extra dimension is space-
like, the speed of the propagation of such waves is greater in the bulk than that on the brane. In this sense, the 4D 
Lorentz invariance is broken in the gravitational sector, but Gauge fields will not feel these effects.  
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1. Introduction 
Brane-world models offer a phenomenological way to test some of the novel predictions and 
corrections to general relativity that are implied by M-theory. Such models usually assume that c is a 
universal constant. For alternative approaches where the speed of gravity can be different from c in a 
brane-world context, see [1, 2, 3]. It should be emphasized that the assumption that the maximal velocity 
in the bulk coincides with the speed of light on the brane must not be taken for granted. In this regard, 
theories with two metric tensors have been suggested with the associated two sets of “null cones,” in the 
bulk and on the brane [4]. This is the manifestation of violation of the bulk Lorentz invariance by the 
brane solution. In some brane-world scenarios, the space-time globally violates 4D Lorentz invariance, 
leading to apparent violations of Lorentz invariance from the brane observer’s point of view due to bulk 
gravity effects. These effects are restricted to the gravity sector of the effective theory while the well 
measured Lorentz invariance of particle physics remains unaffected in these scenarios [5, 6, 7].  
In this paper, we focus attention on the Einstein field equations on the brane obtained through the well 
know SMS procedure [8] and address the question of the speed of propagation of gravitational waves in 
the bulk as well as on the brane [9]. We find a relation between the maximal velocity in the bulk and the 
speed of light on the brane. As it turns out, we find that Lorentz violating effects would manifest 
themselves in gravitational waves travelling with a speed different from light, providing a possible 
detection mechanism in gravitational wave experiments. 
2. Field equation 
In the usual brane-world scenarios the space-time is identified with a singular hypersurface (or 3- 
brane) embedded in a five-dimensional bulk. Suppose now that the background manifold v4 is 
isometrically embedded in a pseudo-Riemannian manifold 5v  by the map ǣ 5vv o  
 
 ࣳ AP, ࣳ ,, PQQ gg AB
B                      ࣳ ,0,  AB
BB gNP                   , AB
BA gNN                                    (1) 
where ABg  ( PQg ) is the metric of the bulk (brane) space 5v ሺ 4v ሻ in arbitrary coordinate, ࣳ
A  (ࣲ P  ) is 
the basis of the bulk (brane) and NA is normal unite vector, orthogonal to the brane. Since NA is a vector 
field along the extra dimension, we can introduce NA as follows 
 
 ,5
I
G AAN                                   ),,0,0,0,0( I AN                                                                      (2) 
 
where I  is a scalar field. The perturbation of 4v  with respect to a small positive parameter y along the 
normal unit vector NA is given by 
 
 ࣴA(xĮ,y)=ࣳ .N)y,x(y AA DI                                                                                                                   (3) 
 
The integrability conditions for the perturbed geometry are the Gauss and Codazzi equations. The 
perturbation (3) induces a perturbation on the metric PQg  which can be written as 
 
  PQPQ gg ࣲ ).y,x( DPQ                                                                                                                           (4) 
 
In particular, the linear perturbation obtained from the expansion in y is 
       
 ).x(ygg DPQPQ PQJ                                                                                                                              (5) 
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To find the perturbed metric, we follow the same definitions as in the geometry of surfaces. Consider 
the embedding equations of the perturbed geometry written in the particular Gaussian frame defined by 
the embedded geometry and the normal unit vector 
 
 ࣴ A,P ࣴ ,gg ABB, PQQ  ࣴ ,gN ABBA, 0 P                         .gNN ABBA                                        (6) 
 
Substituting equation (3) in (6), we may express the perturbed metric in the Gaussian frame defined by 
the embedding as 

 ,KKg)y,x(yK)y,x(ygg QEPDDEDPQDPQPQ II 222                                                                                (7) 
 
where PQK   is the extrinsic curvature of the original brane and the metric of our space-time is obtained at 
y = 0 ( PQPQ  gg ). Using equations (2), (6) and (7), the metric of the bulk is written as 
 
 ,dy)y,x(dxdx)y,x(gdS 222 DQPDPQ I                                                                                                 (8)  
The five-dimensional Einstein equations contain the first and second derivatives of the metric with 
respect to the extra coordinate. These can be expressed in terms of geometrical tensors in 4D. The first 
partial derivatives can be written in terms of the extrinsic curvature 
 
 ,
y
g
gLK N w
w
I
  PQPQPQ 2
1
2
1                                      .K A 05                                                                      (9) 
 
The second derivatives can be expressed in terms of the projection 555 QPC)(  of the bulk Weyl tensor to 5D  
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In the absence of off-diagonal terms 05  Pg  the dimensional reduction of the five-dimensional 
equations is particularly simple [10], [11]. Thus, the field equations can be split up into three parts 
 
   ,EKKKg)KKKK(g)T(TTkG )()()()( PQDEDEPQPQDQPDPQPQPQ »
¼
º
«
¬
ª
¸
¹
·¨
©
§  2555
552
5
5
24
1
3
2            (11)                      
 
      
 555 RKKy
K )(
; Iw
w I DEDE
P
P ,                                                                                                      (12) 
  
I
 G QPQ
P
QP
5
5
2
5
TkKKD
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In the above expressions, PQE  is the electric part of the Weyl tensor and the covariant derivatives are 
calculated with respect to PQg , i.e., 0 PQDg . 
 
Let us now concentrate on deriving the Einstein field equations on the brane by presenting a quick 
review on how this can be done as some of the features of this process is used later on. The reader may 
consult references [10, 11] for a detailed discussion. With the brane-world scenario in mind, it is assumed 
that the five-dimensional energy-momentum tensor has the form 
 
 )brane(AB)(ABAB)( TgT 555 / ,                                                                                                                  (14) 
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where 5/  is the cosmological constant in the bulk and )brane(AB)( T5  is the energy-momentum tensor of the 
matter on the brane with 05  A)brane(AB)( NT  and 
 
 .)y(T BA)brane(AB)( I
G
WGG PQ
QP5                                                                                                                     (15) 
 
In the spirit of the brane world scenario, we assume Z2 symmetry about the brane, considered to be a 
hypersurface Ȉ at y = 0. Using Z2 symmetry, the Israel's junction conditions are written as 
 
 .gkKK »¼
º
«¬
ª WW

  PQPQ6PQ6PQ  3
1
2
2
5                                                                                               (16) 
 
Then, from equation (13) it follows that 
  
 ,)( ; 0 W PPQ                                                                                                                                             (17) 
 
showing that the energy-momentum tensor PQW  is conserved on the brane and represents the total vacuum 
plus matter energy-momentum. It is usually separated in two parts, 
 
 ,Tg PQPQPQ V W                                                                                                                                    (18)  
where ı is the tension of the brane in 5D, which is interpreted as the vacuum energy of the brane world 
and PQT  represents the energy-momentum tensor of ordinary matter in 4D. Using equations (16) and (18), 
we obtain the Einstein field equations with an effective energy-momentum tensor in 4D as 
 
 ,EkGTgG)( PQPQPQPQPQ 3S/ 4544 8                                                                                             (19) 
 
where 
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and 
 
 .TgTTgTTTT 2
24
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1
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1
PQ
DE
DEPQPQ
D
QPDPQ  3                                                                                 (22) 
 
All these 4D quantities have to be evaluated in the limit yĺ0+. They give a working definition of the 
fundamental quantities 4/  and G and contain higher-dimensional modifications to general relativity. 
3. Lorentz Violation 
In this section, we use the solutions of equation (19) to obtain a relation between the maximal velocity 
of propagation in bulk and on the brane. Let us start by assuming a perfect fluid configuration on the 
brane. The energy-momentum tensor is therefore written as 
 
 ,pguu)p(T PQQPPQ U                                                                                                                       (23) 
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where u, ȡ and p are the unit velocity, energy density and pressure of the matter fluid respectively. We 
will also assume a linear isothermal equation of state for the fluid 
 
 p = Ȗȡ,                                                                0   Ȗ  1 .                                                                 (24) 
 
The weak energy condition [12] imposes the restriction ȡ  0. In this paper we deal with non-tilted 
homogeneous cosmological models on the brane, i.e. we are assuming that the fluid velocity is orthogonal 
to the hypersurfaces of homogeneity. In standard cosmological models, we can also consider 
 [Į\  W!>@
 
1H[WZHWDNHWKHPHWULFIRURXU'XQLYHUVHDV
 
 22 )t(a,c(digg b  PQ   ),ij                                                                                                                      (25) 
 
ZLWKFRRUGLQDWHVW[iDQGWKHPHWULF ij on the spatial slices of constant time. Now, using the Israel's 
junction condition, we have 
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6XEVWLWXWLQJWKHDERYHHTXDWLRQVLQHTXDWLRQWKHGLIIHUHQW'VHFWLRQVRIWKHEXONLQWKHYLFLQLW\RIWKH
original brane will have the metric     
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)URPZHVHHWKDWWKHFRQVWDQWFb represents the speed of light on the original brane, whereas from 
WKHVSHHGRISURSDJDWLRQRIJUDYLWDWLRQDOZDYHVLQWKLVPRGHOLVFb. Now, in a brane world scenario 
where our universe is identified with a singular hypersurface embeGGHG LQ DQ $G6 EXON WKH H[WUD
GLPHQVLRQKDVWREHVSDFHOLNH>@7KHUHIRUH'LVDOZD\VJUHDWHUWKDQXQLW\'!7KLVOHDGVWR
apparent violations of Lorentz invariance from the brane observer's point of view due to bulk gravity 
HIIHFWVVLQFHWKHPD[LPDOYHORFLW\LQ WKHEXONEHFRPHVPRUHWKDQWKHVSHHGRI OLJKWRQWKHEUDQH,W LV
ZRUWKQRWLQJWKDWLIWKHHQHUJ\GHQVLW\RIWKHPDWWHUIOXLGRQWKHEUDQHLV]HURZHREWDLQ' LPSO\LQJ
WKDWWKHPD[LPDOYHORFLW\LQEXONZLOOEHWKHVSHHGRIOLJKWRQWKHEUDQH
4. Conclusions 
In this paper we have considered a brane-world scenario where the Einstein field equations on the 
EUDQHZHUHREWDLQHGXVLQJWKHXVXDO606IRUPDOLVP:HDOVRVKRZHGWKDWLIWKHH[WUDGLPHQVLRQLVVSDFH
OLNHWKH'/RUHQW]LQYDULDQFHLQWKHJUDYLWDWLRQDOVHFWRULVEURNHQLQWKHVHQVHRIKDYLQJDSURSDJDWLRQ
speed greater than that of the light. Gauge fields will not feel these effects, but gravitational waves are 
free to propagate into the bulk and they will necessarily feel the effects of the variation of the speed of 
OLJKWDORQJWKHH[WUDGLPHQVLRQ
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